The present study is an attempt to find a solution for steady flow of a third-grade fluid by utilizing spectral methods based on rational Christov functions. This problem is described as a nonlinear twopoint boundary value problem. The following method tries to solve the problem on the infinite domain without truncating it to a finite domain and transforms the domain of the problem to a finite domain. Researchers in this try to solve the problem by using anew modified rational Christov functions and normal rational Christov function. Finally, the findings of the current study, i. e., proposal methods, numerical out cames and other methods were compared with each other.
Introduction
The flow of non-Newtonian fluids can be utilized in many industrial and natural problems, many materials, such as, polymer solutions or melts, drilling mud, elastomers, blood, paints, certain oils and greases, as well as many other emulsions are classified as nonNewtonian fluids. The flow of non-Newtonian fluids has several technical application, especially in the oil recovery, paper and textile industries, and composite manufacturing processes. Different researchers and scholars have paid attention to the fluids of the different types in a way that the fluids of second and thirdgrade have been studied successfully in various types of flow situations forming a subclass of the fluids of the differential type. Boundary layer theories for fluids similar to a second-grade fluid have been formulated by Rajeswari and Rathna, Bhatnagar, Beard and Waiters and Frater. Rajagopal et al. developed a boundary layer approximation for a second-grade fluid [1] . The present study tackles the problem of non-Newtonian fluids of third grade in a porous half space. The modelling of polymeric flow in porous space has essential focus on the numerical simulation of viscoelastic flows in a specific pore geometry model, for example, capillary tubes, undulating tubes, packs of spheres or cylinders [2 -5] . It is a well established fact that secondgrade fluids exhibit the normal stress effect and do not show the shear-thinning and shear-thickening phenomena [6] which many fluids do. However, third-grade fluids [7] are capable of describing such phenomena. Moreover, the equation of motion in a third-grade fluid is more complicated than the corresponding equation in a second-grade fluid [8] .
Recently, some researchers approximate the thirdgrade fluid equations in a porous half space; for example, Hayat et al. [3] and Ahmad [9] by applying the homotopy analysis method, Kazem et al. [4] by applying the radial basis functions collocation method, Parand and Babolghani [5] by applying the modified generalized Laguerre collocation method, and for more study related to third-grade fluid, see [10 -15] .
Moreover, spectral methods have been successfully applied in the approximation of differential boundary value problems defined in unbounded domains. Different spectral methods can be applied to solve problems in unbounded domains. The first approach using orthogonal functions over the unbounded domains were Sinc, Hermite, and Laguerre polynomials [16 -22] . The second approach is to reformulate original problems in unbounded domains to singular problems in bounded domains by variable transformations, and then to use suitable Jacobi polynomials to approximate the resulting singular problems [23 -25] . The third approach is to replace an infinite domain with [−L, L] and a semi-infinite interval with [0, L] by choosing L sufficiently large, named as domain truncation [26] . The fourth approach for solving such problems is based on rational approximations. Christov [27] and Boyd [28, 29] developed some spectral methods on unbounded intervals by using mutually orthogonal systems of rational functions. Boyd [29] defined a new spectral basis, named rational Chebyshev functions on the semi-infinite interval, by suitable mapping to the Chebyshev polynomials. Guo et al. [30] proposed and analyzed a set of Legendre rational functions which are mutually orthogonal in L 2 (0, ∞). Boyd et al. [31] applied pseudo-spectral methods on a semiinfinite interval and compared it with rational Chebyshev, Laguerre, and mapped Fourier sine [32] methods.
Moreover, Norbert Wiener [33] defined a different set of complex-valued orthogonal rational functions as transforms of Laguerre functions. These were developed further by Higgins [34] . Nearly thirty years ago, Christov invented a complete orthonormal system of functions in L 2 (−∞, ∞) space [27] . In this paper, the researchers have applied the Christov functions collocation method for solving the steady flow of a thirdgrade fluid in a porous half space.
The rest of the current study is categorized as follows: in Section 2, the flow of a third-grade fluid is discussed in a porous half space. In Section 3, we describe rational Christov functions and then define modified rational Christov functions in Section 4. In Section 5, the aforementioned method is applied to solve the flow of a third-grade fluid. Section 6 shows the approximate solutions and compare them with other findings. In the last section, we give several concluding remarks.
Problem Formulation
In this section, the flow of a third-grade fluid is discussed in a porous half space. For unidirectional flow, the generalized the relation [3] is
For a second-grade fluid to the following modified Darcy's Law for a third-grade fluid [3] :
where u denotes the fluid velocity, µ is the dynamic viscosity, and p is the pressure. k and ϕ, respectively, represent the permeability and porosity of the porous half space which occupies the region y > 0; α 1 , β 3 are material constants. Now defining the non-dimensional fluid velocity f and the coordinate z as following [3] :
where v and V 0 represent the kinematic viscosities.
Then the boundary value problem modelling the steady state flow of a third-grade fluid in a porous half space becomes [9] 
with boundary conditions
where b 1 , b 2 , and b 3 are defined as
Above parameters are depended:
Rational Christov Functions
The following system
was introduced by Wiener [33] as Fourier transform of the Laguerre functions (functions of parabolic cylinder). Higgins [34] defined it also for negative indices n and proved its completeness and orthogonality. Christov invented a new system comprising two real-valued subsequences of odd functions S n and even functions C n with asymptotic behaviour x −1 and x −2 , respectively, namely [27, 35] :
Both sequences are orthonormal and each member of (9) is orthogonal to all members of (10); each member of (10) is also orthogonal to all members of (9) . It is worth mentioning that (9) and (10) can be defined for negative n through the relations [27] S −n = S n−1 and C −n = −C n−1 .
The functions S n and C n can be easily expressed in an explicit way [27] :
Modified Rational Christov Functions
The well-known rational Christov functions are an orthonormal system of functions in L 2 (−∞, ∞) space, meaning that the {C n } n=∞ n=−∞ and {S n } n=∞ n=−∞ sequences are orthonormal with respect to the weight function w(x) = 1:
where δ mn is the Kronecker delta function. Each member of S n is orthogonal to all members of C n , also, each member of C n is orthogonal to all members of S n with respect to the weight function w(x) = 1:
Now, we define anew orthonormal, the HCS function, which is defined by
The HCS function satisfies the following conditions:
with (14) - (16) the HCS functions are orthonormal with respect to the weight function w(x) = 1 in the L 2 (−∞, ∞) space, with the orthonormality property
Function Approximation
Any function f in L 2 (−∞, ∞) can be written as
where φ i is the C n or S n or HCS n function. If the infinite series in (18) is truncated with N terms, then it can be written as [36] f
where φ i is the C n or S n or HCS n function.
Solving the Problem
In this section, the steady flow of a third-grade fluid has been solved by utilizing the method describe above. We multiply the operator equation (19) by
and further, we construct a function p(x) to satisfy the boundary conditions (5) . This function is given by:
where L is a constant to be determined [37] . Therefore, the approximate solution of f (x) in (4) with boundary conditions (5) is represented by
where φ i is the C n or HCS n function, and
where φ i is the S n function. We construct the residual function by substituting f (x) by f (x) in (4):
A method for forcing the residual function (23) to zero can be defined as collocation algorithm. With collocating {x k } N k=0 to residual function (23), we have N + 1 equations and N + 1 unknown coefficients (spectral coefficients). In all of the spectral methods, the purpose is to find these coefficients. In shape of algorithmic, for solving (4), we do [38] :
Construct the series (19) by using modified rational
Christov functions (HCS n function) 3. Construct (21) to satisfy boundary conditions (5) 
. , N, they are roots of S n
Christov function in the interval [0, ∞) as collocation points 6. Substitute collocation points in Res(x; a 0 , a 1 , . . . , a n ), we construct a system containing N + 1 equations. 7. Solve obtained system of equations in Step 6 via Newton's method [39] and gain the a n , n = 0, 1, . . . , N. 8. Substitute obtained values of these coefficients in (21), we shall approach f (x) by f (x) END. Now, we have approximated f (x) by f (x). Also we repeated algorithm for solving (4) by using normal rational Christov functions (C n and S n functions) in
Step 2 of the algorithm. When using S n functions, we used (22) instead of (21) to satisfy the boundary conditions (5) in Step 3 and to approximate f (x) by f (x) in Step 8 of the algorithm.
Result and Discussion
This problem was solved with some typical values of parameters, b 1 = 0.6, b 2 = 0.1, and b 3 = 0.5, by Ahmed [9] . In the current article, researchers have shown the approximate solutions for values of parameters b 1 = 0.6, b 2 = 0.1, and b 3 = 0.5 in the flow of a third-grade fluid problem. f (0) is important, therefore, the researchers have computed and compared it with other results. Ahmad [9] obtained this value by Table 1 and C n , S n , HCS n as basis functions.
the shooting method and founded, corrected to six decimal positions, f (0) = 0.678301. The results of the present method, the numerical solution, and the homotopy analysis method (HAM) [9] were compared with Table 2 Table 1 and C n , S n , HCS n as basis functions.
each other in Table 1 and the solutions are presented graphically in Figure 1 . Table 1 contains a shape parameter L that must be specified by the user. But here, by the meaning of residual function, the researchers try to minimize Res(x) 2 Table 1 and C n , S n , HCS n as basis functions.
by choosing a good shape parameter L [40] . We define Res(x) 2 [4] as
where b is the biggest collocation node. We present the minimum of Res(x) 2 obtained with shape parameter L in Table 1 . The graphs of Res(x) 2 are shown in Figure 2 . Table 2 represents the coefficients of the modified rational Christov function and the rational Christov function obtained by the present method for N = 19 of the steady flow of a third-grade fluid in a porous half space. The logarithmic graph of absolute coefficients |a i | of modified rational Christov function and rational Christov function in the approximate solutions is shown in Figure 3 . The graph illustrates that the method has an appropriate convergence rate [41] .
Conclusions
The method presented in this paper uses a set of modified rational Christov functions and normal rational Christov functions to solve the aforementioned problem on the infinite domain without truncating it to a finite domain. Several strategies can be applied to solve problems in unbounded domains. We have created a new strategy to solve them. The validity of the method is based on the assumption that it converges by increasing the number of collocation points. It is worth mentioning that it was confirmed by the theorem and by logarithmic figures of absolute coefficients that this approach has an exponentially convergence rate. In total, an important concern of spectral methods is the choice of basis functions; the basis functions have three properties: easy computation, rapid convergence, and completeness, i. e., any solution can be represented to arbitrarily high accuracy by taking the truncation N sufficiently large [41] . In the present method, Figure 1 reveals that by x tending to ∞ f (x) tends to zero. As shown in Figure 2 , by increasing N, the error tends to zero. Figure 3 shows that the absolute coefficients in this approach have an exponential convergence. In the flow of a third-grade fluid problem, f (0) is important, therefore, the researchers have computed and compared it with other results. By comparing modified rational Christov functions and normal rational Christov functions with considering Figures 1 -3 and Table 1, the researchers believe that the modified rational Christov function has a better convergence than normal rational Christov functions. The results presented indicate that the method provides another powerful tool to solve nonlinear ordinary differential equations.
